Abstract. The fundamental bases of how our brain solves different tasks of object manipulation remain largely unknown. Here we consider the problem of the limb movement in dynamic situations on an abstract cognitive level and propose a novel approach relying on: i) transformation of the problem from the limb workspace to the so-called hand-space, and ii) construction of a generalized cognitive map (GCM) in the hand-space. The GCM provides a trajectory that can be followed by the limb, which ensures an efficient collision-free movement and target catching in the workspace. Our numerical simulations confirm the approach feasibility but also reveal the problem complexity. We then validate the GCM-based solutions in real-life scenarios. We show that a GCM-equipped humanoid robot can catch a fly ball in a similar way as a human subject does. The static nature of the GCMs enables learning and automation of sophisticated cognitive behaviors exhibited by humans.
Introduction
Sensory-motor abilities routinely exhibited by humans may appear simple at the first glance. However, many of these ordinary skills as, e.g., catching a moving ball by hand, eventually require forecasting future states of the environment (not only of the ball) and matching them with the body movements accessible to the subject. At the time being the intrinsic complexity of this problem impedes the robots to imitate smoothly even basic human motor abilities. In real-life scenarios the limb manipulation cannot be driven purely programmatically, but requires support on an abstract cognitive level. The mathematical description of this level is an open problem in cognitive robotics.
Recent experimental and computational evidence suggests that the cognitive processes behind the sensory-motor transformation rely on an internal representation of the body and the environment [1] [2] [3] [4] [5] . The emergent internal (or mental) model of the world can be used to perform rehearsal of movements to master skills, which is especially useful in dynamic situations, i.e., when the external world changes in time. Then the subject before extending a limb towards a moving object has to decide consciously or subconsciously how the task can be fulfilled. The direct naive solution -"stretch out your hand towards the object" -may fail. Indeed, the limb can either miss the moving object or even bump against static or moving obstacles. In this situation, an internal model may help evaluating the fitness of different motor responses and thus selecting the best strategy to accomplish the goal [6, 7] . There are also attempts to use the neural activity involved in these processes in devices providing disabled persons with control of artificial limbs or computers [8, 9] .
One of the most fruitful approaches to the problem of movement of artificial limbs employs theory of dynamical systems for modeling the limb-environment interaction. In particular, the use of potential fields and modeling of a perturbed damped oscillator were proposed as a tool to determine the movement primitives [10, 11] . Another approach to the collision avoidance simulates an elastic strip that enables dynamic selection among different but homotopic paths [12] . In Ref. [13] the authors proposed a technique to modulate the original dynamics of the limb controller, which increases the robot reactiveness in the face of unexpected changes in the environment. Although these approaches were intended to resolve both static and dynamic situations, in dynamic scenarios they are reduced to a local adaptation to changes in the environment. Then the local decision-making may be ineffective in situations requiring a global approach, e.g., in the presence of several moving obstacles. Another technique is based on learning programmatically the human behavior from demonstration. It was shown that the robot can make a global prediction and catch an irregular object in flight [14] .
Despite significant advances in the controlling manipulators, the abstract cognitive dimension of the problem has been much less addressed in the literature. Growing experimental evidence suggests that animals use cognitive maps (CMs) for planing and executing movements (see, e.g., [3] ). A CM is an abstraction of the environment that structures relevant "geographical" information such as the position and size of objects, the subject location, etc. Besides, it also includes rules on how to trace trajectories to a target that can be followed by the subject. However, the CM concept works well in static situations only. Recently, we proposed a theory of generalized cognitive maps (GCMs) that describes functional mechanisms supporting the cognition of dynamic situations [15] [16] [17] . Briefly, a GCM is built by a wave propagating in a neural network. The wave extracts the relevant spatiotemporal events from the environment and projects them into a purely static map. Thus, the time dimension is "compacted" and we get a static internal representation of a dynamic situation.
The GCMs have been originally developed for agents with rigid body, i.e., without internal degrees of freedom [18] . The significant spatial extension and changing geometry of a limb bring additional degree of complexity, which invalidates the direct application of the GCM concept to manipulators. The common strategy to remedy this complexity is to pass the problem from the workspace (i.e., the real space where a limb actuates) to a new space, called the configuration or task space [19] . The configuration space represents the set of all possible configurations of a manipulator and usually it is equivalent to the space of joint angles. Then it serves as a natural framework for solving the direct and inverse kinematic problems. We, however, departure from this approach.
Here we propose a holistic model of a limb embedded in a dynamic situation. The model exploits the GCM concept and thus provides the limb with cognitive abilities at an abstract global level. To deal with the internal degrees of freedom we adopt a transformation to a configuration space. However, this space, called the hand-space, is isometric to the workspace. It allows representing the limb as a single point, but the price to pay is the extension of the obstacles, e.g., a point-like obstacle is mapped to a curve. Nevertheless, the latter makes no problem for building a GCM in the hand-space. The imposed equivalence between the work-and hand-spaces enables direct motor implementation of the trajectories found in the hand-space, i.e., no inverse transformation to the workspace is required. Thus, we develop a consistent and efficient theoretical framework supporting cognitive manipulation in artificial agents. 
Holistic model of cognitive limb embedded in dynamic situations
As we mentioned in the Introduction the original concept of generalized cognitive maps has been developed for rigid agents reducible to a point in the internal neuronal space [15] . Now we will show how this concept can be extended to manipulators with several joints working in dynamic situations. Figure 1A illustrates a two-joint manipulator, an articulated upper-limb, which can move in a workspace, W ⊂ R 2 , given on the two-dimensional plane (x 1 , x 2 ). The limb shoulder is fixed at the plane origin by a revolving joint. The shoulder is joined to an articulated elbow located at x e ∈ R 2 by a rigid segment of length ρ. A forearm of length l joins the elbow with a hand located at x h ∈ R 2 . To generalize the further calculations we rescale the spatial coordinates to arbitrary units in such a way that the length of the forearm is l = 1 a.u. Thus, in what follows all distances are given in the units rescaled to the forearm length. We then restrict the workspace to W =B ρ+1 (0), whereB ρ+1 (0) is a closed disk of radius ρ + 1 centered at the origin.
Limb configuration and geometric constraints in workspace
The shoulder and elbow joints can freely rotate, thus changing the geometrical configuration of the limb and, consequently, the hand position. Then our goal is to catch by the hand a target and simultaneously avoid collisions with obstacles. In general, the target and obstacles can move and have arbitrary shape. We thus aim at a holistic model of the limb that would allow solving this problem efficiently. Figure 1 . Sketch of a two-joint manipulator (an upper limb) in workspace W and a constraint imposed by an obstacle on the limb movements. A) The shoulder is fixed in the origin. Upper arm and forearm have lengths ρ and l = 1 a.u., respectively. The upper arm forms the angle φ with the direction to a point-like obstacle located at x (blue circle). The limb segments can freely rotate around the shoulder at 0 and elbow at x e (red points in open circles). The hand at the end of the forearm, x h , should reach a target at x g (purple circle). The direct motion along the dashed purple curve leads to a collision with the obstacle and hence it is prohibited. B) The extended obstacle, E(x), in the hand space H is made up of the hand positions corresponding to contact of the forearm with the obstacle at different angles. The orange thick curve delimiting the extended obstacle corresponds to the hand positions given that the forearm slides around the obstacle.
Without loss of generality let us first assume that there exists a single point-like target at x g ∈ W and an obstacle at x ∈ W\B ρ (0), i.e., outside the circle area of radius ρ delimited by the upper arm (Fig. 1A , purple and blue circles, respectively). The forearm segment cannot cross the obstacle, which sets a constraint to the limb movement. In particular, the hand cannot directly reach the target (Fig. 1A , dashed purple trajectory is prohibited). Indeed, by extending the limb towards the target we end up in a situation when the forearm touches the obstacle (Fig. 1B) . Thus, at time t > 0, ∃λ ∈ [0, 1] such that
Therefore, to reach the target the limb first must bend going down and then extend to the target. The situation becomes much more complex if during the motor execution of the catching task the obstacle and/or target move in the plane (x 1 , x 2 ) or in 3D space (see below).
Hand space
Let us remind that to enable the GCM concept, we have to eliminate the spatial dimensions and rotational degrees of freedom of the limb and represent it as a point in some 2D space equivalent to W.
Compaction of forearm
We now introduce a hand-space H isometric to the workspace, i.e., H =B ρ+1 (0) = W. All objects from the workspace are mapped into the hand-space. However, this mapping depends on the type of object.
In the case of the limb the mapping results in a compaction of the forearm:
where I ⊂ W is the forearm segment (with ends x e and x h ). In other words, the forearm is reduced to a single point located at the hand position x h ∈ H.
Extension of point-like obstacles
Given the desired mapping of the forearm into a point, the mapping of obstacles goes in an opposite way. A point obstacle in the workspace is mapped into a curve, i.e., we obtain an extended obstacle in the hand-space. Geometrically this extended obstacle is represented by all possible positions of the hand corresponding to contact of the forearm with the obstacle in the workspace (Fig. 1B) . For further calculations we assume that the obstacle is reachable by the forearm only. Then
where A ⊂ W is the annulus containing the obstacle. In other words, the upper arm cannot contact the obstacle. We then define a local coordinate system (x 1 ,x 2 ) (Fig. 1A , green), rotated by angle θ in such a way that the axisx 1 points to the obstacle. Denoting by φ the angle that the upper arm forms withx 1 -axis ( Fig. 1A) , we express the distance between the elbow and the obstacle as a function
wherex e (φ) = r(cos φ, sin φ) T andx represent the elbow and obstacle positions in the new reference, respectively. Note that if the forearm contacts the obstacle, then φ < 0 and h x (φ) ≤ 1. Thus, taking
we can restrict the study to the case φ ∈ [−φ max (x), 0]. We can now generalize Eq. (1) and express the relation between the positions of the obstacle, the elbow, and the hand as:x
Note that Eq. (6) contains a free parameter φ and thus it generates a set of hand positions corresponding to contact of different parts of the forearm with the obstacle (Fig. 1B) . Now taking into account that the rotation between the local and original axes is given by the matrix
where x = (x 1 , x 2 ) T , it remains only to undo the change of variables: x h = Mx h . Thus, under the mapping F : [−π, π] × A → H, defined in the original coordinates by
a point-like obstacle x ∈ A ⊂ W in the workspace is mapped into a spatially extended obstacle E(x) ⊂ H in the hand space. Finally, the map transforming obstacles from the workspace to the hand-space is given by E : A → P(H)
We remark that the set E depends on the position of the obstacle, but not on the position of the hand. We will use this property later when dealing with modeling the movement of the hand. We also note that the obstacle position in the workspace is mapped to the same position in the hand-space. Indeed,
To finish the object mapping between the work-and hand-spaces we add that targets (could be many) are mapped with no change to the hand-space. This means that we aim at catching a target by the hand and not simply touching it by the forearm. Holistic model of cognitive limb Thus, the above described mapping enables compacting the limb into a point (by applying the compaction C), but at the same time it extends point obstacles into closed bounded sets (by applying the extension E). Then a real obstacle with non-zero dimension can be mapped from the workspace to the hand-space by applying the transformation (9) to the obstacle boundary. Figure 2 illustrates two examples of the obstacle mapping. In the first case we use a circular and square shape obstacles and draw their images in the hand-space ( Fig. 2A, orange area) . Note that in the hand-space obstacles can overlap thus forming one big obstacle. In the second case we illustrate how the extended obstacle can be drawn by a human. The shoulder was fixed in space and the person was asked to move his left arm in such a way that the forearm would always keep contact with the obstacle (Fig. 2B, blue cylinder) . The resulting extended obstacle (Fig. 2B , shaded in red) is similar to that obtained in the simulation (compare to the circle in Fig. 2A) .
We remark that the concept of extended obstacles is closely related to the reachability set used in control theory (see, e.g., [20, 21] ). Such a set is defined by feasible trajectories generated by a dynamical system, i.e., without collisions, fulfilling the desired task and system constraints. In this context, the initial reachable set for the manipulator shown in Fig. 2A is an annulus of a proper radius. Then in the presence of obstacles the set is restricted to those limb-trajectories that avoid hand penetration into the region occupied by the extended obstacles (shown in orange).
Generalized cognitive maps in hand-space
Let us now consider a manipulator actuating in a dynamic situation. Then obstacles and/or targets can move in the workspace. To actuate the manipulator we will employ generalized cognitive maps. However, the GCM concept cannot be applied directly in the workspace. Instead, we will construct GCMs in the hand-space where the manipulator is reduced to a point-like object.
To build a GCM we simultaneously model two main elements (see [15] for more details): i) movement of obstacles and ii) matching the obstacle movement with all possible subject actions. Note that both calculations are performed "mentally" in a neural network and must be done faster than the time scale of the dynamic situation (for more detail see [17] ). Thus, in what fallows we will deal with two times: i) t is the "real" time in the workspace, and ii) τ is the "mental" time used in mental calculations made by a neural network. Then a trajectory x h (τ ) obtained in the hand-space can be implemented in the workspace simply by rescaling time τ . In Sect. 3.3 we provide an experimental verification of the results using a robot NAO (Aldebaran Robotics). Therefor, we have adapted the calculations to the robot and obtained the scaling constant κ = t/τ = 1/400 [s].
Obstacle movements in hand-space
The first ingredient of a GCM is the transformation to the hand-space described in Sect. 2.2. Under this transformation the arm is mapped into a point coinciding with the initial location of the hand in the workspace, while the obstacles are extended into bigger objects (Fig. 2) .
To predict the trajectories of objects in the workspace earlier we used a recurrent neural network that approximated trajectories by Taylor series up to quadratic terms [15, 18] . The Taylor coefficients were estimated by the network from the initial conditions provided by the sensory system of the subject. Here we use a similar but purely computational approach. The trajectories are predicted using the initial (at t = 0) velocities and accelerations and taking into account physical constraints.
The displacement of an obstacle in the workspace (with time t) implies not only the movement of the corresponding extended obstacle in the hand-space (with time τ ), but also a time-dependent adjustment of its shape. Indeed, the extended obstacle, Eq. (9), depends nonlinearly on the obstacle position in the workspace, x(t). Thus, for each instant of the mental time τ we predict the future obstacle position in the workplace and then evaluate its representation in the hand-space by applying transformation (9) to points in the obstacle boundary. Figure 3 shows an example of how two objects moving in the workspace can be projected into the hand-space. Note the changes in the shape of the extended objects. 
Matching obstacle movements with subject actions by causal neural network
We simulate all possible hand movements in the hand-space and match them with extended objects in a 2D neuronal lattice. The lattice is composed of 80 × 80 locally coupled FitzHugh-Nagumo-type neurons described by the following dynamical system
where Λ = (i, j) ∈ N 2 : 1 ≤ i, j ≤ 80 is the network space; r ij and z ij are the membrane potential and recovering variable of neuron (i, j), respectively; ∆ is the discrete 2D Laplacian; f (r) = (−r 3 + 4r 2 − 2r − 2)/7 is the typical nonlinearity. In numerical experiments we set the diffusion constant to d = 0.2 and the small parameter to ε = 0.04. The selected functions and parameter values in (10) ensure propagation of a phase wave in the lattice. The system is considered with Neumann boundary conditions. The function q ij (τ ) describes effective objects and will be discussed in Sect. 2.3.3.
At the beginning all neurons except one stay at rest (r ij (0) = z ij (0) = 0). The neuron (i h , j h ) corresponding to the hand location has no dynamics q i h j h = 0 and hence r i h j h (τ > 0) = r i h j h (0) = 5. This cell will initiate a phase wave in the lattice. Such a wave simulates all possible movements of the hand in a single run. Points on the wavefront at time instant τ * describe all positions virtually available to the hand. Then the wave explores the environment and finds ways to the target if they exist (for more details see [15, 18] ).
To illustrate the idea let us consider a situation similar to that shown in Fig. 1A , but now the point-like obstacle moves in certain direction (Fig. 4A, blue arrow) . In the hand space the arm is mapped into a point while the obstacle is extended to a curve (Fig. 4B) . The displacement of the obstacle for τ > 0 implies changes in its shape (see also Fig. 3 ).
Phase wave generates effective objects and builds generalized cognitive map
At τ > 0 a wavefront propagates in the lattice and switches cells to upstate (Fig. 4C) . The time instant τ = c when cell (i, j) crosses a threshold (i.e., r ij (c) = r th ) is stored. Thus, behind the wavefront we obtained a potential field {c ij }. The circular shape of the wavefront at the beginning (Fig. 4C , τ = 30 and τ = 100) means that the hand can move equally in all directions. Then at a given τ * it can occupy any place on the circle corresponding to the wavefront. However, this circular shape is broken once the wave starts interacting with objects (obstacles and target). Such events correspond to possible collisions of the hand with obstacles or the target. The formers should be avoided, whereas the latter is desired (i.e., the hand touches the target in mental simulation). For further numerical simulations it is convenient to introduce the discrete mental time k = 0, 1, . . . that relates to the continuous time by τ = k∆, where ∆ is the integration time step. Then we denote by Γ (k) the set of cells {(i, j)} ∈ Λ occupied by the obstacles and targets at time instant k. We also define the following iterative process:
where δΩ(k) = {(i, j) ∈ Λ : r ij (k∆) ∈ [1, 2], (i, j) ∈ Γ (k)}. The set Ω(k) describes effective objects in the network space Λ. It is dynamically created as the wavefront explores Λ. The set grows (i.e., δΩ(k) = ∅) if the wavefront touches an object at τ = k∆. Then we define the function q : (0, τ max ) × Λ → {0, 1} used in Eq. (10): The cells in Ω(k) have dr/dτ = 0 for τ > k∆ and hence will exhibit no dynamics, i.e., the effective objects are static and the wavefront slips around them (Fig. 4C, τ = 180) . We note that although Λ is a square lattice, only exploration of the part corresponding to the annulus A is of interest. The hand cannot reach locations outside the disk B ρ+1 . Thus, we can artificially add an obstacle at δB ρ+1 , which will restrict the wave propagation (Fig. 4C, black circle-like curve) . Once the wave exploration of Λ has been finished, the created potential field G = (c ij ) ∈ M 80×80 represents a generalized cognitive map of the situation (Fig. 4D) . It contains spatiotemporal relationships among the hand and other objects in the workspace structured as static effective objects in the hand-space. These effective objects contain critical information about possible collisions of the arm and obstacles (to be avoided) and the target (to be caught).
Motor execution of movement in workspace
The GCM concept developed above allows representing a dynamic situation as a static map in the handspace (Fig. 4D) :
All objects (targets and obstacles) including moving ones are replaced by the corresponding static effective objects. The gradient profile, ∇ y G, imposes rules the hand should follow to reach the target. We thus use a gradient descend method to find trajectories connecting the hand and the target positions (Fig. 4D , blue arrowed curve). By construction such a trajectory circumvents effective obstacles in the hand-space. However, what is more important, if the hand follows this trajectory in the workspace then:
-The hand will reach the target; -During the move the limb will not bump against obstacles.
Therefore, in order to solve the dynamical situation in the workspace we use the trajectory obtained in the hand-space and implement kinematic movements of the limb in such a way that the hand would follow this trajectory. Figure 4E shows three superimposed snapshots of the moving manipulator and obstacle in the workspace. The manipulator successfully accomplishes the task: "reach the target and avoid collisions with obstacles", as expected.
The proposed approach builds a basis for cognitive manipulators working in time-evolving situations. Note that a rather simple situation represented in Fig. 4 has been used for illustration purpose only. The concept applies to situations of arbitrary complexity up to the granularity of the neural network.
Cognitive limb movement in 3D
Cognitive manipulation in three-dimensional space can be straightforwardly tackled by the GCM concept described in Sect. 2. However, it implies constructing extended obstacles and simulating phase waves in 3D space, which requires significantly higher computational resources. Nonetheless, a simpler approach to 3D dynamic situations can be applied. Figure 5A shows an example of a manipulator in 3D space. The limb should catch a ball falling due to the gravity force and avoid collision with a fixed horizontal bar. We then can assume that the limb movements are restricted to plane P formed by the upper arm and forearm. Then the 3D problem is reduced to considering a two-joint manipulator on a plane with 2D objects obtained by intersecting 3D objects (the ball and the bar) with the plane (Fig. 5B) . Note that the latter problem is equivalent to the problem shown in Fig. 4 , but now the target is mobile and the limb should intercept it. Thus, we can apply directly the procedure described in Sect. 2.
Reduction of 3D problem to 2D plane
In the 2D projection the static obstacle (blue bar) and the moving target (purple ball) are represented by the corresponding disks. Since the obstacle is static its representation in the hand-space will be also static (Fig. 5C, orange area) . As we discussed above the target is not extended in the hand-space ( 5C, purple disk). Then the wave process similar to that shown in Fig. 4 starts. The wave propagates from the hand position outwards and matches all possible hand movements with the target motion. We search for a contact of the wave with the target, which occurs at mental time τ = 220 (Fig. 5C) . Once a contact of the wave with the target has been achieved we can stop the calculation and draw a curve from the hand position to the place of contact following the gradient of the field G(y) (Fig. 5C , panel τ = 220, arrowed curve). Now this trajectory can be implemented by the limb in real time t. Figure  5D shows snapshots of the manipulator movements in the workspace and real time t.
Selective catching of thrown objects
In order to illustrate how the GCM-based manipulation can cope with complex dynamic situations we consider a computational experiment in which the virtual arm must catch a moving target and avoid bumping into another moving obstacle. Figure 6A sketches the situation. Imagine that two objects: a spinning bar (target, colored in purple) and a spinning disk (obstacle, colored in blue) where thrown and at some time instant t cross simultaneously the arm plane P in opposite directions. The arm should catch the bar.
To solve the problem, we map the situation developing in the plane P into the hand-space and use the wave dynamics to match the hand movement with the object movements. Figure 6B frames of the GCM generation. At τ = 20 neither the bar nor the disk crosses the plane P hence there is no objects in the hand-space and the wave has a circular shape. At τ = 60 and 100 both objects intersect the arm plane and we have them in the hand-space. Note that the extended obstacle (orange image of the disk in the hand-space) occupies large space in front and behind the wavefront. According to the causality principle the part of the extended obstacle that appears behind the wavefront does not change the virtual past (for more detail see [15] ). Thus, the wave interacts only with the part of the obstacle that contacts the wavefront. Then this portion of the wavefront is "frozen" (i.e., the corresponding {q ij } are set to zero in Eq. (10)). Finally, at τ = 160 the wavefront touches the target and we can draw a trajectory connecting the hand position with the the effective target. Figure 6C illustrates the movement of the virtual arm coordinated with the movements of the bar and disk. The hand follows the trajectory found in the generalized cognitive map and, consequently, it avoids collision with the disk and catches the bar, as expected.
Experimental verification mimicking human ability
Humans in the childhood develop impressive sensory-motor skills including the ability of catching moving objects in the presence of obstacles. In the final experiment we provide a verification of the theory in a situation where a human and a robot have to perform the same cognitive task of catching a moving object and simultaneously avoiding collision with an obstacle.
We then prepared a setup consisting of a box made of cardboard (size h×l×w = 26×60×38 cm) and a tennis ball attached to a cord. The other end of the cord was fixed at h = 150 cm thus we get a pendulum like device. The box was considered as a static obstacle, whereas the ball was a target. We implemented movements of an artificial manipulator by using the right arm of a humanoid robot NAO. The robot is relatively small (hight 57 cm, length of the arm 27 cm), thus as a human subject we used a ten-year-old boy. Figure 7 shows the experimental situation with the boy (panel A), in numerical simulation (panel B), and with the robot (panel C). The motor ability of the robot are much modest than those of a human. It takes around 200 ms to perform a simple enough motor pattern. Thus, we adjusted the cord length and the initial position of the ball in such a way that it would be reasonable to catch it by the robot. Figure 8B illustrates the process of wave exploration of the environment. The static obstacle (cardboard box) has a static image in the hand-space (orange area in panel τ = 0). The wave bends it (panel τ = 120) and then in the hand-space there appear the ball (purple disk in panel τ = 280) and another extended obstacle corresponding to the cord (orange area in the top-right corner). The wavefront reaches the target and thus we get a generalized cognitive map of the situation (panel τ = 280). Purple arrowed curve marks the shortest feasible trajectory to the target. The obtained solution can be crosschecked by simulating the scenario (Fig. 8C) . Finally, Fig. 8D shows the experimental implementation of the robotic arm movement. The arm follows the trajectory provided by the simulation and the robot hand catches the ball. Thus, this experiment confirms the suitability of the GCM-based arm movement for real robots.
Discussion
The fundamental bases of how our brain solves different tasks of cognitive object manipulation, such as catching a moving ball in the presence of obstacles, remain largely unknown. Advances in this direction may significantly improve the motor skills of modern humanoid robots. In this work we have proposed a novel approach that allows solving the problem of an efficient limb movement in dynamic situations on an abstract cognitive level. We have validated our approach by numerical simulations and experimentally by using a humanoid robot NAO.
The approach relies on two main ingredients: i) Transformation of the problem from the limb workspace to the hand-space, and ii) Construction of a generalized cognitive map in the hand-space. A GCM naturally enables tracing a trajectory to a target that, in general, can be mobile. Then, due to specific properties of the hand-space this trajectory can be followed by the limb, which ensures a collision-free movement and target catching in the workspace. Traditional cognitive maps serve for navigation and path planning in complex but static scenarios. The GCM theory generalizes cognitive maps into description of dynamic situations [15] . A wave process taking place in a neural network explores "mentally" the agent's environment and matches possible agent movements with those of the environment. It allows converting a dynamic situation into a static map. In certain sense it is similar to reducing a movie to a single picture. The resulting GCM contains both the information required to understand the situation and that needed to interact with it.
Since GCMs assume no internal degrees of freedom in the agent, they cannot be applied immediately to limbs. To remedy this problem we have considered the hand as the most relevant part of the limb that interacts with the environment. Then the hand positions such that the forearm touches obstacles delimit the so-called "extended" obstacles. In this context, the extended obstacles are related to the reachability set widely used in control theory [20] . We thus introduced a hand-space as a specific version of the configuration spaces commonly used for the limb description [19] . However, instead of using the standard approach employing joint angles, we constructed the hand-space isometric to the workspace. In the hand-space the arm is reduced to a point, which enables GCMs. Note that the complexity of extended obstacles in the hand space plays no role for building a GCM (although it may affect the existence of trajectories to the target). Finally, a trajectory of the hand movement provided by the GCM guarantees a collision-free movement of the limb in the workspace.
In order to demonstrate the feasibility of the proposed approach we have performed numerical simulations. First we have illustrated how the arm catches a target in two-dimensional plane with a moving obstacle. Then we have shown that such a situation can be extended into more realistic scenarios in three-dimensional space. In this case we assumed that the limb moves in its natural plane formed by the upper arm and forearm. Our results have shown that the limb can avoid collisions with static and dynamic obstacles and catch mobile targets.
The numerical simulations confirmed success of the GCM-based solutions but also revealed the problem complexity. We then performed the pendulum experiment to explore the reproducibility of GCM solutions in real robots and compared them with the human behavior. The results validated the feasibility of our approach in real-life scenarios. The trajectories of the limb movement adopted by the human and the robot were similar, although the boy made a more pronounced curve. This happened due to a significant difference in size and movement velocity between the boy and the robot. Such an advantage allows the human selecting a safer but longer trajectory to the target.
We remark that despite the apparent simplicity of the pendulum experiment, in several occasions the boy failed to catch the ball. This shows that even simple dynamic situations can puzzle our brain. An accurate and fast limb movement in complex situations, e.g., during sport games, requires intensive training. In this regard we can distinguish two types of scenarios dealing with: i) static situations (e.g., dancing or playing piano) and ii) dynamic situations (e.g., playing basketball or martial arts). In both cases mastering the movement aims at automatizing the body behavior. This can be considered somehow straightforward in static scenarios. However, imaging how it is possible in dynamic situations is intriguing. Indeed, the terms "cognitive" and "automatic" could seem contradictory. Despite that, the GCM theory provides a functional framework for their unification and automation of limb movements in dynamic situations.
The GCMs maintain the main attribute of traditional cognitive maps: codification of "geographical" information and trajectories. However, they go a step beyond. They transform dynamic situations into static representations. In other words, static and dynamic situations may have the same static representation in our brain. Since GCMs are points in a proper hyperspace, the process of acting in time-changing situations can be naturally learned and memorized [18] . Thus, we erase the contradiction between cognitive and automatic actions, and open a way to automation of sophisticated behaviors. Moreover, the GCM theory enables classification of complex dynamic situations into well-structured sets of memories and experiences by means of standard methods of data clustering and machine learning. Therefore, it provides a functional bridge between effective cognition, dealing with direct interaction with the environment, and abstract cognition, whose impact over subject's behavior is less immediate but much more profound.
